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Scalar exchange forces and generalized most-attractive-channel rule
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We discuss the possibility that fermionic condensates arise from the dominance of scalar exchange forces
over vector gluon exchange. When a scalar in the adjoint representation is exchanged in the Aeaétion
—A+A, the usual most attractive channel rule is reversed in sign, with the consequence that the formation of
a condensate with the largest possible Casimir invariant is favored. More generally, when a scalar in a general
representation is exchanged in the reacionB— B+ A, the group theoretic sum giving the force sign and
strength can be expressed in terms of a Racah coefficient for the group in question. We illustrate the formalism
in the case of the grouBU(2), andgive possible applications t8O(10) andEg grand unification.
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Attempts to construct realistic grand unified models typi-together with the fact that the summed squares of the gen-
cally involve a complicated Higgs scalar secftdt, and this  erators define the respective quadratic Casimir invariants
has led to the suggestid@] that some of these scalars may C,, the effective force strength becomes
be dynamically generated fermionic composites. A particu-
larly appealing scenario in this regard is the “tumbling” 9%[C(A+B)—Cy(A)—Cy(B)]
hypothesiq 3], which suggests that a symmetry breaking hi- 2r :
erarchy develops in which scalar composites, formed from
the fermions of the theory at each level of symmetry breakThis gives the MAC rule for vector gluon exchange, which
ing, develop vacuum expectation values that trigger the nexdtates that the interaction is attractive when the square
stage of symmetry breaking. Applications of the tumblingbracket in Eq.(1c) is negative, and that the MAC is the
scenario typically assume that the forces giving rise to conehannel with the smallest Casimir invariant for the compos-
densate formation arise from vector gluon exchange. Howite A+ B.
ever, this assumption leads to the problem that since the most Let us consider now the case in which a scalar mediates
attractive channeMAC) rule [4] for vector exchange favors the reactionA+B—A-+B. Since scalar couplings are not
the formation of composites in small representations, it is notiniversal and can have either sign, in general we tgyve
possible to generate the large Higgs representations neededyg, and whether the scalar exchange force is attractive or
for the construction of realistic models. repulsive depends on dynamical details of the Yukawa cou-

Our purpose in this Brief Report is to explore the possi-plings. However, there are cases of physical interest in which
bility that scalar mediated forces may play a significant rolea dynamics independent statement can be made. The sim-
in dynamical symmetry breaking, and to develop an analoglest is that in whiclkA=B, so thatg,=gg=g, and in which
of the MAC rule in this case. We begin with a review of the the exchanged scalar is in the adjoint representation. The
MAC rule in the case in which a vector gluon mediates thecalculation is then the same as that given above for the vec-
reactionA+B—A+B. Since a gauge gluon couples with tor gluon casd5], except that the Coulomb potential 15
universal strength to the representatighigind B, the cou-  replaced by the Yukawa potentialexp(— ur)/r, with u the
plings g, andgg are equalga=gg=9g. Thus the relevant scalar mass and with the change in sign reflecting the fact
static potential is that the Yukawa force is attractive, rather than repulsive, for

the case of equal couplings at the two vertices. Thug Hz.
becomes in this case

(10
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with - denoting a sum over the group generators and withind the MAC is now the channel with the largest Casimir
T, the generator matrices for the respective representationgvariant for the composit€=A+A.
A, B. Using More generally, let us consider the reactidn-B—B
+ A with exchange of a scalar in a general represent&gjon
which is emitted at a vertex where fermion representaion
(1b) changes to fermion representatiénand then is absorbed at
a vertex where fermion representatidrchanges to fermion
representatiorB. Since the processes at the two verti@&s
—A+SandA+S—B are inverse to each other, the Yukawa
*Email address: adler@ias.edu coupling at one will be the complex conjugate of the

Ta-T =}[(T +Tg)2—T4— T3]
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Yukawa coupling at the other, and a dynamics independeriex proces8— B’ + S is the Hermitian adjoint of that asso-
statement about the sign and magnitude of the scalar medgiated with the procesB’ + S—B, and that the two contri-
ated force is possible. We will be particularly interested inbutions to the kernel are related by the interchange of the
the dependence of the force on the representation of the corfabelsA and B, we have

positeC=A+B.
To carry out this calculation, it is helpful to consider the , ,
general S exchange reactiom+B—A’+B’. The Bethe- K(A"'mj,,B"'mg[Am, ,Bmg)
Salpeter kernel corresponding to this process is
= BB')*gg(A’A
K(A,mA,B,mIB|AmA,BmB), (38) ;5 [gS( ) gS( )
with my g, M4 5 the “magnetic” quantum numberghe ei- X (Bmg|B'mgSmy)* (A’ my| Am,S )

genvalues of the generators in the Cartan subalgébrahe A AATY* a(B'B
respective representations. The corresponding opetator 9s( )" 9s( )

acting in the Hilbert space of the composites is then X (Ama| A’ mASme)* (B’ ms|BmgSmy) .

K= 3 [AmplBmy) o
mA,va/’.\,B
C o e Self-adjointness of this kernel was assumed in the spectral
XK(A"my ,B'mg[Ama ,Bmg)(Ama|(Bmg| analysis of Eqs(3a),(4b), and this is manifest from the ex-
pression in Eq(5b),
= 2 |c'mpK(C'mg/Cme)(Cme|,  (3b)
CmC,C’m(':
K*(Amy,Bmg|A’'mj, ,B'mg)
where in the second line we have decomposed the direct
product states into irreducible representations, adopting the =K(A'my,B'mg|Am, ,Bmg). (5¢0)
convention that any indices that enumerate representations
appearing more than once are included in the representation ) o
labelsC andC’. Since we are assuming that texchange ~Substituting Eq(Sb) into Eq.(5a), specializing to the case of
interaction is group invariant, we must have interest in whichA'=B andB’=A, and interchanging the
summation indicesn, andmg, we get the result

K(C'm¢|Cme)=Kcde,cr Omg mes (49
and so Eq(3b) takes the form Ke= 2 (Cmc|Bm,Am,)
mA,va,’A,B'mS
K= Cmg)K(Cmg|. 4b / /
&, |Cme)Ke(Cme (40 %[0 BA) [2(Bims| AmpSmy* (Bmgl AmySm)
Hence the eigenvalu&. which determines the force +[gs(AB)[X(Ama[BMsSMe)* (Am,[BmgS ) ]

strength as a function of the representatriwhich is the
generalization of the expressiog?[C,(A+B)—C,(A)
—C,(B)] of Eq. (10)) is given by

X (AmaBmg|Cme). (63

Changing to the standard notation for the Clebsch coeffi-
Ke= > (Cmc|A’miB'mp) cients,

!
MaB:Mp B

X K(A'my,B'mg|Am, ,Bmg)(AmaBmg|Cmc). (AmBmg|Cmg)=(AmyBmg|ABCny), (6b)

(5a
To calculate the group theoretic part of the kernel of Eq.a.dOptIng a phase con_vent|on in which the Clebsch coeffi-
cients are real, and using the symmetry property

(3a), we note that there are two contributions: one in which a
vertex for the proces8—B'+S is joined to a vertex for
A+S—A’, and one in which a vertex foA—A'+S is (AmABmB|ABCm;)=e(A,B,C)(BmBAmA|BACrrb),
joined to a vertex forB+S—B’. Each vertex, by the
Wigner-Eckart theorem, is the product of a Clebsch coeffi-
cient which carries the magnetic quantum number depen-
dence, times a reduced matrix element which is independent
of the magnetic quantum numbers. Taking account of thavith €¢(A,B,C)=¢(B,A,C) a phase factor of-1, Eq. (63
facts that the interaction Lagrangian associated with the vettakes the form

(60)
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Ke=lgs(BA)2 X (BACM|BmMAM,)(ASBNEAMASME) (ASBME|AM,SM)* (AMaBmg|ABC ) + A< B

r
MaB:Mp g:Ms

=|gs(BAI’(ASB) X, (BACNE|BmgAm,)(ASBNEAM,SMS)(SMAM,|SAB)(AMBME|ABCHE) +AB

’
Ma B My g:Ms

=|gs(BA)|%€(A,S,B)((AS)B,A,C|A,(SAB,C)+|gs(AB)|%€(B,S,A)((BS)A,B,C|B,(SB)A,C), (7)

where on the final line we have introduced the standard defiwhich as one would expect is independent of the composite
nition [6,7] of the recoupling coefficienfthe Racah coeffi- representatiorC. When the exchanged scalar has spin 1,
cienp for three group representations. Equatiah is our  which is the adjoint representation f8J(2), we findfrom
final result for the case of general representatianB, S C  Table 5 of[6] that whenjg=j., we have
of a general Lie group. When the representatt®ims not S
self-conjugate, only one of the two reduced matrix elements | Jc Ja Ja| _ 112prjc 2laliat D —jclict1)
on the right hand side of Eq7) will be nonzero; when the 1 ja ia =(=1) ia2jat1)(2ja+2)
representatiors is self-conjugate, there is no physical dis- (103
tinction between the two contributions to the kernel, and we
expect symmetries of the Clebsches to collapse the two termyghich gives
on the right hand side of E¢7) into a single term. lg<(AA)|2

Let us br_leﬂy examine some spe_C|aI cases of this formula Ke=+ S [lic(ict1l)—2ja(ja+D)], (10D
when the Lie group iSU(2), for which the relevant recou- ja(iat1)
pling coefficients are those given in the standard angular mo- ) o
mentum texts. Lettingia s c s be the angular momentum val- reproducing theC dependence found from the Casimir

ues corresponding to the respective representation lagels analysis of Eq(2).

B, C, S, we have The other nonvanishing case wif=1 is that withjg
=ja+1; from Table 5 of{6] we see that in this cad€; is
€(A,S,B)=(—1)latis7le, ¢B,S,A)=(—1)leTisIa positive and is also monotonically increasing with the com-

(89) posite spinjc. However, once we go to larger representa-
tions S than the adjoint representation, itnst always true

and that K monotonically increases with the size of the repre-
o sentationC. For example, fofjs=2 andj,=jg=3, the al-
(Al 9B siasdclia(sia)isic) lowed range ofj¢ is from 0 to 6. For these parameters, we
o ia s e have
= (2]p+1)(~1) @atistiop m 7 -
Ja Jc Ie (_1)—(JA+JB+J'C)[J_C J.A J.B]
(8b) Is Ja s
Substituting these expressions into Ef.and using the per- _ jc 3 3
mutation symmetries of the §-symbols, we get foSU(2) =(=1)7 e 2 3 3
Kc=[(2jg+1)|gs(BA)|*+(2ja+1)|gs(AB)|?] 360—47jc(jc+1)+j2(jet1)2 a
Civiee da e 2520 ’
X(—1) Uatletic = o7 T (80)
Is Ia I8 which for the allowed range g§ assumes a maximum value

of 1/7 atj-=0, and takes the smaller value 5/84jgat=6.

We turn now to a discussion of possible applications of
ese results to symmetry breaking in grand unified theories.
We begin with theSO(10) model, with a 16 of chiral fermi-

We now use Eq(8c) to examine some special cases of
interest. When the exchanged scalar has spin 0, we find frorap1
the formula given in Eq(6.3.2 of [6] that

ic in ] ons. One of these fermions is a singlet un8&#(5), and in
[ c A .B] =5pp(—1)latistic the “seesaw” mechanism of Gell-Mann, Ramond, and Slan-
0 ja s ' sky [8], is given a large mass by a Higgs field in the 126

<T(2i .4+ )12 representation o$Q(10) 'Fhat acquires a vacuum expeptation
[@iatD)(2je DI (93 value. From the viewpoint of descent from &g unifying

and so Eq(8¢) vanishes whei# B, and wherA=B gives ~ 9roup, a 126 o50(10) is ugly, since the smalle& repre-
sentation[9] giving rise to it underEg— SO(10)XU(1) is

Kce=2|gs(AA)|?, (9b)  the351'. So it is natural to consider the possibility that the
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126 Higgs is a composite. Let us suppose that a Higgs scal&#g D SO(10)XU(1) the 27 decomposes as 21(4)

in the adjoint 45 representation 8/0(10) is present, which +10(—2)+16(1), andsince in SO(10) we have 116
can be obtained by descent from the adjoint 7&pf Since D16, exchange of a 16-2) scalar can mediate the process
in SO(10) we have 1&45D 16, exchange of the scalar 45 16(1)+16(—1)—16(—1)+16(1). This corresponds to
can mediate the process-£86— 16+ 16, for which the for-  gq. (7) with A=16, B=16, S=10. The possible composites
mula. of Eq(Z) applieS. Th|S te||S us tha.t the MAC iS the C are 1, 45’ and 210 ﬁqlo), Corresponding to the de_
channel with the largest C_asimir invariant gppearing in 16composition 16X 16=1+45+210: to identify the MAC

X 16=10,+120,+ 126, which is the 126. Since the tWo | again require computation of the releva®O(10)
chiral fermion fields in the 16 anticommute, but have the'rphase factor and Racah coefficient. AnotBeX 10)x U (1)

spinor indices contracted with an antisymmetric two indeX.5se to which our analysis applies is @)+ 10(2)

tensor, the group theoretic part of the composite wave func-_>10(2)+ 10(-2), which can be mediated by(4) ex-
tion must pe symmetric, a rquirement satisfied by th% 126 change, and has,145,, and 54 as equally attractive com-
We note finally that when this composite 126 obtains an,qgjte channels. Our final application, which is an extension
SU(5) singlet vacuum expectation \_/alue, this can only in-o¢ the second, is to the symmetry breakifigDSO(10)
volve the components of the 16 which @8&J(5) singlets, . (1) in anE, model with fermion and scalar content as
since none of thé&U(5) tensor products 2010, 105, or st described. Since if; we have 2K 27527, exchange
5X5 contains arSU(S) singlet. Hence the chiral symme- ¢ 5 seajar 27 can mediate the process 27— 27+ 27, cor-
tries of the components of thH®(0Q(10) 16 that are in thé& responding to Eq(7) with A=27 B=27. S=27. The pos-

and 10 (_)fS U(5) are preserv_ed. o ... sible composites are the representations 1, 78, 650 appearing
We give next some possible model building applications

of the more general analysis leading to E@). The first in the decomposition of 2727, and determining the MAC
application isgagain to theygenerationgof a c?)rﬁposite 126 o. this example will require computation of tfigs phase
SO(10). Since INSO(10), 210< 1616, exchange of a sca- actor and Racah coefficient appearing in Eg). Further

X . examples of Eq(7) in the same model can be obtained by
lar 210 can also mediate the process-16— 16+ 16. This : : : )
is the A= B case of Eq(7); identifying the MAC here will proceeding down either of the symmetry breaking chains

require computing thesQ(10) Clebsch interchange phase ig(Llj(OZTSU(S)XU(l) or  SX10)—SU(2)>xSu(2)

and Racah coefficient appearing in Ed@). The second ap-

plication concerns the possibility of generating a 45 or 210 This work was supported in part by the Department of
of SO(10), starting with anEs model containing a 27 of Energy under Grant No. DE-FG02-90ER40542. | wish to
scalars, one or more chiral fermion families in the 27, andhank J. D. Bjorken, J. Feng, H. D. Politzer, M. Schwartz,
extra pairs 2#27 of chiral fermions. Since under and F. Wilczek for informative discussions.
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